By analyzing the fragmentation distributions of a cylindrical structure and a specific structure, the necessity of parallel control to the fragments is presented. The shell shape of structures has an influence on the fragment spatial distribution. A new design method for the shell shape is proposed. To facilitate the establishment of the numerical model and the machining for relative experiments, the mathematical description of the theoretical calculated generatrix of the shell is simplified. The fragment spraying processes of the designed structures are simulated, and end effects are analyzed. Based on the theoretical design and plentiful simulation data, the relationships between the size of the parallel fragmentation structure and the optimized curvature radius of the shell are expressed by an equation. The equation is validated by numerical means and can be a reliable reference to the design of the parallel fragmentation structure.
Introduction
Cylindrical structure with explosive inside is widely used in the mining, blasting engineering, and military weapon. In modern warfare, the vulnerability of the target is greatly reduced with the development of technology. Due to the enhanced protection of every component, the target is often still able to work, when it suffers a large area of low-density damage. However, the dependence of the target on every component rises. Sometimes only a component failure can lead to the complete strike of the target [1, 2] . Consequently, the most efficient path to destroy the target is the high-density regional damage [3, 4] .
For the conventional cylindrical structure, because of the end effects caused by the rarefaction wave at the ends of the structure, the ejection angle of fragments increases. That is to say, the width of the fragments spatial distribution along the axial direction becomes wider, which lowers the density of fragment distribution. Thus, the fragments could not achieve a high-density damage to the target and become ineffective for the most parts. The further the fragments spray, the lower the utilization ratio of the fragments is.
Modern requirements for increased warhead lethality with decreased mass, together with their use in complex systems, mean that many systems are amiable [5, 6] . Focusing fragmentation warhead through the specific structure decreases the ejection angle of fragments. The fragments are gathered together in a much narrower spatial width, which makes a cutting damage to the target come true. However, owing to the immutability of the specific structure, the high ability of focusing fragments can only be achieved in a constant distance, and fragments are likely to collide with each other in the focusing region [7] [8] [9] . In the actual encountering situation between the missile and the target, the missile and the target usually occur at a high speed impact, which would lead to large differences between the actual encountering distance and the desired distance. The large difference in the encountering distance leads to the reduction of damage effect to the target. The fragments of structures are always densely arranged in the assembly process, which makes the fragment density maximize along the axial direction optimally. So the best way to achieve the ability to focus fragments along the axial direction is by making all the fragments spray horizontally, perpendicular to the axial direction.
The parallel fragmentation structure presented in this paper is based on the design of the focusing fragmentation warhead and can achieve high-density effective damage to 2 Mathematical Problems in Engineering the target. The key technology of the structure is the design of the shell shape. This paper demonstrates a new method to design the shell shape of the structure and a new definition of deflecting angle, which is a new parameter to describe the performance of fragments. The equation that describes the relationship between the size of the parallel fragmentation structure and the curvature radius of the arc equalizing the generatrix of shell is attained and optimized with the relevant numerical simulation results. The equation can be a quick and easy design method for the parallel fragmentation structure.
Experiment
In the experiments related to conventional cylindrical structures, it is easy to find that the fragments distribute dispersedly and the width of the fragments' spatial distribution along the axial direction is much bigger than the height of the structure.
Experiment Preparation.
The cylindrical structure is centrally symmetrical and the shape is cylindrical, as shown in Figure 1 . The outer diameter of the structure is 180 mm and the height is 200 mm. The cylindrical structure in the experiment comes in several parts, as seen in Figure 2 . The covers are made of 10 mm thick LY-12 aluminum, and the shells are made of 2 mm thick 1020 steel. The fragments are alloy steel spheres, and the diameter of the spheres is 8 mm. All the fragments are arranged closely to each other and fixed with epoxy resin between the inner shell and the outer shell. The explosive is JHL-3, which is a type of high energy explosive, and is detonated by an 8 mm diameter exploder from the top of structure [10] [11] [12] .
The target is 3 mm thick, 1.5 m long, and 1.26 m wide steel plane. To simplify the collection and analysis of experimental data, we mesh the target into 20 lattices, as depicted in Figure 3 . Figure 4 shows the arrangement of target and the structure. The distance between the structure and target is 3.5 m. The structure is arranged vertically on a wooden frame, and the axis of the structure is parrallel to the ground. After the explosive is detonated, the shock wave appears and reflects from the ground to the original position. In order to avoid the effects of the shock wave on the process that fragments spray away from shell, the distance between the structure and the ground should be not less than 1.5 m [14] . On the circle whose center is the structure and radius is 3.5 m, two targets are arranged. Each target can blanket 20.74 ∘ of the circle, so 11.52% of the fragments can be intercepted by the two targets. The two targets and the structure are in a line. Besides, the equatorial plane of the structure crosses the line which is 0.8 m far away from the upper edge of the target.
Damage to the Targets.
Because the structure is centrally symmetrical, the distribution of fragments on the two targets can reflect the characteristics of all the fragments adequately. Figure 5 shows the damage to the targets made by the structure, and we can observe that there are plenty of holes on the targets. A lot of big holes are made by bursting the shells in high velocity, whilst the majority of the regular holes are made by the fragments. Based on the distribution of the holes on the targets, we calculate a number of statistics about the number of fragments crossing the targets, as depicted in Figure 6 .
2.3.
Discussion. Firstly, we can see that the region of fragments nearly covers all the targets. The width of fragment distribution along the axial direction is wide. With the increase of spraying distance, the width would become wider and many more fragments would become invalid.
Secondly, it is obvious that the whole distribution of fragments is slightly to the downside of the equatorial plane of the structure. The main influences are that the explosive is detonated from the top of the structure and the shock wave propagates from up to down. The direction where the shock wave propagates makes a significant impact on the direction where the fragments spray.
Thirdly, it seems that part of the fragments concentrate in the range from 30 cm to 60 cm on the targets. In fact the spraying directions of fragments near the ends deviate from the equatorial plane of the structure too much, which is caused by the end effects.
Optimizing the distribution of fragments, the structure is redesigned. This paper presents a new cylindrical structure, named as the parallel fragmentation structure.
Analysis and Structure Design
The significant characteristics of the parallel fragmentation structure are that the fragments spray in parallel. In this section, the details on the spraying process of fragments are discussed, followed by a method to design the shape of the shell which is proposed, and, lastly, the case of end effects is considered.
Process of Fragments Spraying.
According to the Shapiro theory, the detonation wave propagates in the form of a spherical wavefront, outward from the booster explosive or the booster detonator. Now let us take an infinitesimal element of the shell as the study point [15, 16] . In Figure 7 , 1 , 2 , and 3 are the angles between the missile axis and the normal line of the shell, the normal line of detonation wavefront, and the velocity vector of the infinitesimal element , respectively. is the angle between the normal line of the shell and the velocity vector of the infinitesimal element . is the angle that the infinitesimal element turns. is the detonation point.
Here, we put forward a series of hypotheses about the detonation wave. The detonation wave propagates to the ends from the center of the structure. The direction of the detonation wave keeps unaltered, after the detonation wave impacts the shell of the structure.
The law of fragments spraying away from the shell is fitted to Shapiro law, expressed as
where V 0 is the velocity of fragment spraying from the shell and is the explosive velocity. We can see that the ejection angle of fragments is related to the detonation point and the direction where the detonation wave propagates.
The Shapiro law indicates that the time for the infinitesimal element to accelerate to its final speed from rest is instantaneous. During the derivation of Shapiro law [17] , the distance between point and point is expressed as
Δ is the period of time for the element transforming to . However, the acceleration of the infinitesimal element cannot be neglected. Because the infinitesimal element keeps accelerating throughout the expanding process, we can regard V 0 /2 as the average velocity during the process where the point of element transforms to point . The relationship (2) is redefined as
Based on the above analysis, the Shapiro law (1) is revised as
From Figure 7 , we know the relationship among 1 , 3 , and to be
The most attractive characteristic of the new structure, proposed in this paper, is that the fragments spray in parallel; that is, the angle 3 is 90 degrees. The relationship (5) can be written as
Using the above relationship (6) between 1 and , the revised Shapiro law (4) can be simplified as
The parameter 2 can be calculated through the initial located position of the infinitesimal element and the initiation point. The explosive velocity is determined by the type of explosive. With the solution of V 0 in the next section, the angle also can be solved. 
Initial Fragment Velocity and Gurney Specific Energy.
The initial fragment velocity V 0 is expressed in the Gurney formula [18] [19] [20] , which is given by
where is the ratio of charge mass to the shell mass of the unit height cylinder and √ 2 is the Gurney constant or Gurney specific energy. Every explosive has a specific Gurney constant, which represents the component and feature of explosive, as shown in Table 1 . The Gurney constant is related to the loading density of the explosive and other factors. By experimentation, a linear correlation is found between the Gurney constant and the explosive velocity and is given by
where the explosive velocity ( ) and the Gurney constant ( √ 2 ) have the same dimension.
Structure Design.
The finite method is used for the design of structure in any size. The design of the parallel fragmentation structure is shown in Figure 8 . The origin of the coordinate system is located at the geometrical center of the structure, and the -axis with respect to the coordinate is defined by the space-axial position. In Figure 8 , the dotted line is a quarter boundary of the half-section of the shell, and the length of the infinitesimal element ( 1 2 ) is . According to the height ( ) and the diameter ( ) of the structure, we can get the coordinate of point 1 ( /2, /2). Then, by means of a trigonometric calculation, the value of angle 2 is obtained. Inserting the value of angle 2 to (5), the numerical solution of the angle ( ) between the normal line of the shell and the velocity vector of the infinitesimal element ( 1 2 ) can be solved, with the results that the coordinate of 2 can be given by ( 1 − * sin , 1 − * cos ). By analogy, we can get every terminal coordinate of the infinitesimal elements, such as 3 , 4 , . . . , , depicted in Figure 8 . Liner fitting to all terminals can lead to an equation of the generatrix of the shell. In order to facilitate the establishment of the numerical model and the machining for relative experiments, we equate the generatrix of the shell to an approximate arc, whose curvature radius can be calculated by the relevant geometric relationships as shown in Figure 9 .
For a designed fragmentation structure whose height and diameter are both 200 mm, the comparison of the theoretical calculated generatrix of its shell and the equivalent arc is shown in Figure 10 . It should also be noted that the coordinate system in Figure 10 is similar to the one in Figure 8 . It is obvious that, in general, the equivalent arc is similar to the theoretical calculated generatrix and simplifies the mathematical description of the generatrix effectively.
End Effects.
One of the problems in the design of structures is the end effects influencing the ejection angle of fragments near the ends. It is well known that significant differences exist between the ejection angle of fragments located in the center of the structure and those of fragments located near the ends of the structure. For the purpose of minimizing the end effects, a new component of platform is proposed [21] . Next, we will talk about the new definition of the deflecting angle proposed in this paper. The performance of fragmentation structures is usually described with characteristics of the fragment dispersion and includes mass, ejection angle, direction angle, velocity, and the distribution density of fragments [22] [23] [24] [25] . The ejection angle ( ) and direction angle (Ω), shown in Figure 11 , are studied widely in designing fragmentation structures. The direction angle is the angle between the midline with 45% effective fragments on each side and the equatorial plane through the barycenter. All the explosives are detonated from the geometrical center of the structures, and the parallel fragmentation structure is symmetrical, so the direction angle fluctuates around 0 ∘ and is not discussed further in this paper. The ejection angle is the cone angle which includes 90% effective fragments.
However, the ejection angle cannot describe the relationship between the fragment dispersion and the structure but can only show the characteristics of the fragment dispersion. The deflecting angle ( ) is proposed in this paper, which is the average between the upper deflecting angle ( 1 ) and the lower deflecting angle ( 2 ). The upper deflecting angle ( 1 ) is the angle between the upper boundary of the ejection angle and the plane through the upper surface of the structure, so as to the lower deflecting angle ( 2 ).
The fragment spraying process of the cylindrical structure, whose height and diameter are both 200 mm, and the modified structure with 30 mm high platform on each end is simulated. The fragment distributions on the target plane (distance 3.5 meters) are shown in Figure 12 . It is obvious that the platform can minimize the end effects effectively. The deflecting angle of the cylindrical structure is 8.42
∘ . The angle of the modified cylindrical structure is 3.96 ∘ , reducing the reflecting angle by 4.46 ∘ . The modified structure is 60 mm longer than the cylindrical structure. Considering whether the change of structure height makes the decrease of deflecting angle, another cylindrical structure is modeled, which is of 260 mm height and 200 mm diameter. The deflecting angle of the longer cylindrical structure is 8.85
∘ , which is similar to the one of 200 mm height cylindrical structure, so the height of the structure does not play an important role in influencing the deflecting angle and the platform can minimize the end effects effectively.
Numerical Simulation and Discussions
The numerical model is made using the nonlinear, explicit finite element code LS-DYNA (version 970). The method to design the shell shape is tested by numerical simulation. Considering the influences on the deflecting angle, the parallel fragmentation structure is optimized. 
Model and Material.
The numerical model of the parallel fragmentation structure is developed with the nonlinear, explicit finite element code LS-DYNA. This software is particularly suitable for nonlinear dynamic problems, such as impact or explosion. It allows for the application of different algorithms such as Euler, Lagrange, arbitrary Lagrange-Euler (ALE), and SPH to solve the fluid-structure problems [26] [27] [28] . Eight-node brick elements with ALE were adopted for the structure. Since the ALE approach uses meshes that are embedded in material and deform with the material, it combines the best features of both Lagrange and Euler Mathematical Problems in Engineering methods and allows the mesh within any material region to be continuously adjusted in arbitrary and predefined ways as the calculations proceed. Therefore, the ALE approach is suitable to analyze the process of explosion and fragments spraying away from the shell. Figure 13 , the numerical model of a parallel fragmentation structure is separated into Lagrange model and Euler model, including cover, outer shell, inner shell, fragments, air, fixed layer, explosive, and axial hole. The fragments are arranged in the fixed layer between the inner shell and the outer shell, filled with epoxy resin. The platform is used to minimize the end effects. If the explosive is detonated from the geometrical center of the structure in the experiments, the axial hole should exist in the middle of the structure for the exploder. In order to be more consistent for experiments, an axial hole full of sponge is considered in the numerical model and the diameter of the hole is 32 mm.
Numerical Model. As shown in
According to the various functions of the structure, the magnitude of the structure differs, as do the size of fragments and the thickness of the shell. The parallel fragmentation structure designed in this paper is suitable for airborne missiles. In the simulations, the height and the diameter of the structure range from 150 mm to 300 mm. All the fragments are spheres, whose diameters are 6 mm. The thickness of the shells is 1.5 mm.
Modeling Material. A high explosive material model (
* MAT HIGH EXPLOSIVE BURN) incorporating the JWL equation of state (EOS JWL) was used to describe the material property of the RDX charge. The EOS JWL equation defines the pressure as a function of relative volume and internal energy per initial volume; that is,
where is the blast pressure, is the internal energy per initial volume, is the initial relative volume, and , , , 1 , and 2 are material constants, respectively.
The key material types and material properties of cover, shell, fragment, and RDX charge, as well as the parameters of equations of state, are listed in Table 2 .
Factors Influencing Fragment Spatial Distribution.
For different kinds of structures, the factors influencing fragment spatial distribution are different and include initiating method, material type, thickness of shells, size of fragment, type of explosive, height of platform, and magnitude of the whole structure. Because the majority of the influencing factors are fixed in this paper, some factors are taken into account for the design of the parallel fragmentation structure.
Type of Explosive.
The fragments spraying away from the structure are closely connected to the problems of the explosives loading and responding. The type of explosive and the design of the structure are considerable factors influencing fragment spatial distribution. Seven types of explosives are considered, and the density and the detonation velocity of explosives are shown in Table 1 . Three representative kinds of structures are simulated, including the cylindrical structure, the parallel structure with no platform, and the parallel structure with 30 mm height platform. Based on the cylindrical structure with 200 mm height and 200 mm diameter, the other two kinds of structures are modeled. Figure 14 shows the relationship between the deflecting angle and the density or the detonation velocity of explosives. In Figure 14(a) , the deflecting angle of the parallel structure with platform is 0 ∘ , approximately. Because of the end effects, the deflecting angle of the structure with no platform increases by 3 ∘ ∼5 ∘ , and the angle of the cylindrical structure increases to 9
∘ . Obviously, the design of the platform minimizes the end effects efficiently. Besides, the performance of the explosive does indeed make a difference to the end effects. The higher the energy of explosive is, the stronger the end effects are. As shown in Figure 14 , the deflecting angles of the cylindrical structure and the parallel structure with no platform increase in a certain range, increasing the density and the detonation velocity of explosives. However, the type of explosive does not have too much effect on the deflecting angle of the parallel structure with platform. In this paper, we do not focus on the type of explosive, and the explosive of the following structures is RDX.
Height of Platform.
The platform is an efficient way to minimize the end effects, but the size of the structure is always limited in a missile. It is necessary to determine the most suitable platform height for the parallel structure designed. Figure 15 gives the relationship between the height (ℎ) of platform and the deflecting angle ( ) of five structures of varying sizes. It is clear that the influence caused by the platform on the fragment spatial distribution depends on the height of the platform. The end effects become weak with increasing the platform height and can be ignored when the platform height is nearly beyond a value, where the deflecting angle tends to be stable. Referring to the numerical calculation shown in Figure 15 , the height of platform is suitable to 30 mm. The 30 mm height platform has minimized the end effects considerably.
Structure Optimization.
The height and diameter of the structures of airborne missiles range from 150 mm to 300 mm. As depicted in Table 3 , eighteen parallel fragmentation structures designed by the theoretical method, proposed in this paper, are modeled and the processes that fragments spray away from the shell are simulated. The design of the shell shape is the key technology of the parallel fragmentation structure. The method of design depicted in Section 2.3 is imperfect, since it ignores the end effects and the structure of the axial hole, so optimizing the curvature radius of the arc equalizing the generatrix of shell is necessary.
The optimum curvature radius differs from the theoretical radius in a range. For each of the eighteen structures, we continually rebuild the models which are of different curvature radius around the theoretical radius and simulate the process of spraying fragments. The optimum curvature radius is explored. When the curvature radius of the arc equalizing the generatrix of shell is the optimum curvature radius, the fragment deflecting angle is 0 ∘ . The accurate value of the optimum curvature radius is difficult to find, but we can make an approximation. The relationship between the radius and the deflecting angle is depicted in the coordinates shown in Figure 16 , with radius as -axis and deflecting angle asaxis. A line passes through two points closest to the horizontal line ( = 0) and intersects the line with a third point. Thecoordinate of the intersecting point is the optimum curvature radius. The optimum curvature radii of the eighteen parallel fragmentation structures are depicted in Table 3 .
For a parallel fragmentation structure of any size, before the optimized curvature radius is obtained, it is complicated for us to complete a series of modeling and calculation processes. To avoid the complicated process of modeling and calculation, the relationships among the height ( ) and diameter ( ) of the parallel fragmentation structure and the optimized curvature radius ( ) are fitted into an equation as follows:
where , , , , , and are constant, listed in Table 4 . The relationship is fitted by eighteen points depicted in Table 3 and the fitted curved surface is shown in Figure 17 . Each point related to the optimized curvature radius can match the curved surface satisfactorily, so (11) can be a reliable reference for the design of the parallel fragmentation structure. 
Numerical Verification.
In order to verify the veracity and reliability of (11), we design a parallel structure using (11) and simulate the process that fragments spray away from the shell. Based on the numerical information, we can get the fragmentation distributions in the space.
Taking a structure which is in any size into consideration, the height of the structure is 130 mm; the diameter is 157.4 mm. The parameter and the parameter in (11) can be expressed as
Taking the above values into (11), we can get that the optimized curvature radius of the structure is 62.68 cm. According to the design above, the parallel structure has 30 mm high platforms on each end, the diameter of fragments is 6 mm, and the thickness of the shells is 1.5 mm. The model of the parallel structure is shown in Figure 18 . The structural components and the modeling materials are equal to the model in Section 4.1. According to the numerical simulation, we can get the process that fragments spray in the space. The side views of fragmentation distributions are shown in Figure 19 . It is clear that all the fragments keep spraying parallelly. Along axial direction of the parallel structure, the velocities of fragments are zero, and the distributions of fragments range from −6.04 cm to 6.15 cm. The deflecting angle of fragments is −0.04 ∘ , which is highly approximate to 0 ∘ . It is verified that (11) can be a reliable method for the rapid design of parallel fragmentation structure.
The velocity is an important parameter to evaluate the performance of fragments, as well as the fragmentation distribution. In the model of the parallel fragmentation structure, 26 layer fragments are arranged crisscross in the interlayer between the inner shell and the outer shell. There are 74 fragments in each layer. The number of all the fragments is 1924. At 3.5-meter distance from the initial position of the structure, the average velocity of all the fragments is 1732.19 m/s, and the average velocities of fragments in each layer are different, as shown in Figure 20 .
Showing the more features of the parallel fragmentation structure proposed in this paper, the propagation process of detonation wave in the explosive is displayed in Figure 21 . In the simulation, the explosive of the model is initiated from the center of the structure. The detonation wave is a spherical wave and reflects on the boundary of explosive at 14 s.
Conclusion
The experiments conducted in this paper in respect of the conventional cylindrical structure adequately indicate that the end effects and detonated method play important roles in the fragment spatial distribution. When the fragment distribution of conventional cylindrical structures, along the axial direction, is in a wide range, the density of fragments on the target is low. For the focusing fragmentation warhead, the ability to focus fragments can only be achieved in a constant distance. Considering the disadvantages of the conventional structure and the specific structure of focusing fragmentation warhead, the parallel fragmentation structure designed in this paper overcomes these disadvantages. The significant characteristic of the parallel fragmentation structure is that fragments spray in parallel, which can not only improve the utilization ratio of fragments, but also achieve cutting damage to the target. 0.000e + 00 0.000e + 00 0.000e + 00 0.000e + 00 0.000e + 00 0.000e + 00 0.000e + 00 0.000e + 00 0.000e + 00 0.000e + 00 −0.000e + 00 −1. The process that fragments spray away from the shell is studied, and a new method to design the shell shape is used. The theoretical shell shape of the parallel fragmentation structure is calculated through the finite element method. To facilitate the establishment of the numerical model and the machining for relative experiments, the mathematical description for the generatrix of the shell is simplified. There are many factors influencing the distribution of fragments. A number of factors are fixed in this paper and some of the other factors are taken into account.
Regarding the structures of airborne missiles, their height and diameter range from 150 mm to 300 mm. The eighteen parallel fragmentation structures designed through the theoretical method, proposed in this paper, are modeled and the processes that fragments spray away from the shell are simulated. Based on the theoretical design and plentiful simulation data, the relationships between the size of parallel fragmentation structure and the optimized curvature radius of the shell can be represented by an equation. The equation is validated by numerical means and can be a reliable reference to the design of the parallel fragmentation structure.
